We generalize the T T deformation of CFT 2 to higher-dimensional large-N CFTs, and show that in holographic theories, the resulting effective field theory matches semiclassical gravity in AdS with a finite radial cutoff. We also derive the deformation dual to arbitrary bulk matter theories. Generally, the deformations involve background fields as well as CFT operators. By keeping track of these background fields along the flow, we demonstrate how to match correlation functions on the two sides in some simple examples, as well as other observables.
Introduction
Quantum gravity in finite volume is a difficult problem that is perhaps vital to fundamental cosmology. A natural question is how to apply holographic duality in this context. The avenue we will explore is to impose a hard radial cutoff in AdS and approach this problem as a deformation of AdS/CFT.
The precise relation between a radial cutoff in the bulk geometry and a cutoff in the boundary field theory is a longstanding puzzle in AdS/CFT, discussed since the advent of the duality itself. The UV/IR relation [1] of the duality provides a clue but is far from a precise relationship. In addition to being an important entry in the AdS/CFT dictionary, finding such a relationship may prove fruitful in decoding local physics in the bulk and in constructing a framework for holography in more general spacetimes.
Most of the work on this topic has focused on understanding the long distance physics of the original CFT, in the spirit of the renormalization group [2] [3] [4] [5] [6] [7] . Recently, a different perspective was emphasized in [8] , in the context of pure 3d gravity. Here the goal is not to understand the original CFT, but to explicitly deform the CFT so that it reproduces the bulk physics with Dirichlet boundary conditions at finite cutoff. This is a deformed theory in the bulk, dual to a deformed theory on the boundary. The proposal in [8] is that 3d gravity at finite radial cutoff is dual to a 2d CFT deformed by the irrelevant operator TT , a deformation previously studied in the field theory context by Zamolodchikov and Smirnov [9, 10] . The analytic tractability of CFT deformations by this operator, which follows primarily from the Zamolodchikov factorization equation, allows nontrivial checks of the proposal. This deformation and its holographic interpretation were explored further in [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] .
In this paper, we propose an effective field theory (EFT) dual to a general bulk theory at finite cutoff, generalizing the TT deformation to higher dimensions and allowing for matter couplings. In the field theory, the tool that will replace the factorization property of TT is large-N factorization.
We will first provide a recipe to derive the necessary CFT deformation for arbitrary bulk theories in AdS d+1 . Using this recipe, we will find the deformation in several examples. For example, for pure Einstein gravity in d = 3, 4, the deformation of the CFT is With the CFT deformations in hand we compute various quantities in the deformed CFT and compare to bulk AdS quantities at finite cutoff, finding perfect agreement for λ > 0.
In particular, we will match the two-point correlation functions in vacuum, as well as the energy spectrum and thermodynamics.
A finite Dirichlet cutoff in the bulk is a dramatic, and perhaps violent, deformation of the gravitational theory. Intuitively, this is because gravity with reflecting boundary conditions induces negative image masses on the other side of the wall, which screen the gravitational force. This raises the possibility that the theory violates causality, as discussed in [8, 21, 22] , or that the dual EFT cannot be UV-completed as an ordinary quantum field theory for positive λ (see e.g. [23] ). We will sidestep these issues by restricting the discussion to physics below the cutoff, where both sides of the duality appear to make sense, at least perturbatively.
Some speculations on the the UV are mentioned in the discussion section.
It is also possible to consider the deformation with λ < 0. In this case, the asymptotic density of states is super-Hagedorn in the UV, giving a scaling log ρ ∝ E
2(d−1) d
. Intriguingly, this scaling agrees with the density of states of p-branes (with p = d − 1) in the semiclassical approximation [24] [25] [26] [27] . The matching with Hagedorn scaling in d = 2 is an important aspect of relating (a single-trace version of) this deformation to little string theory [28] [29] [30] [31] .
The derivation starts with the Hamilton-Jacobi equation in the bulk, and uses the techniques of holographic renormalization developed in [2, 3, 32, 33] . However, instead of trying to relate (1.1) to an RG equation, we view it as the definition of a boundary EFT that can be studied on its own terms. This is the perspective taken in [8] , in contrast to the earlier work cited above. This approach leaves open the mysterious question emphasized in [4, 34] of what coarse-graining or cutoff procedure in the QFT actually produces the flow (1.1). If this procedure were known, then (1.1) would need to emerge from it automatically, whereas in our approach the bulk Hamiltonian must be input by hand.
As this work was being completed, [35] appeared, which also derives the source-free versions of equation (1.1) and the corresponding equation (3.32) with U (1) charge.
The dictionary at finite cutoff
In the rest of this introduction, we will present our proposed dictionary for the EFT dual to a sharp radial cutoff in AdS. Begin by choosing coordinates 2) with N (r) → 1/r near the boundary and where we have set the AdS radius ℓ AdS = 1. The usual AdS/CFT dictionary states
On the left is the CFT generating function, in the metric γ ij , with source J for a scalar operator O of dimension ∆. (Later we will generalize to spinning sources.) On the right is the gravitational path integral with the Dirichlet boundary conditions
In (1.3), we have inserted the explicit factors of the radial cutoff r c to ensure that CFT correlators, computed by
There is considerable arbitrariness in how the dictionary (1.3) should be extended to finite r c . We choose the simplest prescription, which is to assume that the same dictionary defines an effective boundary theory at finite r c :
(1.5)
It is not clear that the right-hand side always makes sense, even classically, since Dirichlet boundary conditions for gravity are problematic (e.g. [36] ). Nor is it guaranteed that the QFT on the left really exists. We will simply take the assumption (1.5) as our starting point, and explore whether it leads to a reasonable prescription. We will see in several examples that it does make sense, at least perturbatively about a background, and that the QFT can be constructed as a deformation of the original CFT.
The deformation involves operators inserted at coincident points. In general, this would be problematic and require a careful definition of the composite operator. However, at large N , we can simply define this operator by normal ordering, in the sense of discarding selfcontractions. This is the procedure that will reproduce semiclassical physics in the bulk and is what we adopt here. Equivalently, O(x) 2 is defined to be the leading non-identity operator in the O(x)O(y) OPE that is not suppressed in the 1/N expansion.
The rescaling of the sources in (1.5) is natural in the CFT limit, but may not be the most natural choice far from the boundary. Since we will keep track of the full nonlinear source dependence, this is just a change of variables that does not affect the physics.
The boundary theory on the left of (1.5) is labeled an effective field theory because it will not make sense at high enough energy. In the next two sections, the goal is to systematically derive the EFT as a deformation of the original CFT.
Throughout the paper, we work classically in the bulk, and to leading order in 1/N in the boundary. Our notation is as follows:
Bulk coordinates: (r, x)
Bulk spacetime metric:
Induced metric at r = r c : g
Bulk scalar field: φ Boundary value:
CFT source:
Bulk on-shell action:
Bulk Brown-York tensor:
Boundary stress tensor:
Various sign conventions are in the appendix.
Scalar example
We first consider the case where gravity is decoupled, and the bulk theory consists of just a scalar field φ. This section serves to illustrate the methods, including differences from the standard holographic RG, but otherwise stands alone from the rest of the paper and can be skipped. The final answer is equivalent to results found in e.g. [4, 5, 14] , but our approach is to add nonlinear source dependence to the classical action of the EFT. This gives a local prescription in the boundary theory, in contrast to the scalar discussion in [14] , which was phrased in terms of the non-local effective action.
Flow equation of the dual EFT
Classically, the bulk path integral is computed by the on-shell action, W [r c ; φ 0 (x)]. The flow of this functional is governed by the Hamilton-Jacobi equation,
where H[φ, π] is the scalar Hamiltonian for evolution in the r direction. To derive the EFT at finite cutoff, we write Z grav = e −W , apply the flow equation to the dictionary (1.5), then translate back to the field theory:
This is now written as a total derivative, because φ 0 is fixed but J is not. (Second variations
drop out in the classical limit, reproducing (2.1).) Next, bring the Hamiltonian inside the EFT path integral to obtain
. ϕ denotes the fields in the boundary theory. Equating this with
gives the flow equation for the EFT:
It is convenient to absorb the J-dependence into the action, 
This is the final result for the scalar. At each step along the flow, the operator O must be redefined according to
Therefore (2.6), with the latter relation plugged in, should be viewed as a functional PDE forŜ, similar to the Hamilton-Jacobi equation. The difference is that (2.6) defines the flow of a local action on the boundary, whereas the Hamilton-Jacobi equation (2.1) defines the flow of the non-local, on-shell action in the bulk.
Free massive scalar
To make this formalism explicit, consider a free, massive scalar field in the bulk,
The boundary counterterm is added to cancel the leading divergence in the action. The radial Hamiltonian is
The counterterm has been included by integrating by parts to write it as a bulk term in the action. The EFT dual to this theory at finite cutoff is defined by the flow equation (2.6), which together with our dictionary gives
This defines the corresponding deformation of the CFT, where r c is now viewed as a dimensionful coupling constant of the EFT. 1
Scalar correlators
Now we will demonstrate how to obtain bulk correlation functions at finite cutoff, using the boundary theory defined by (2.10). The background terms play a crucial role. Of course this check is guaranteed to succeed, because by design, the bulk and boundary correlators obey the same flow equation.
In the bulk, the on-shell action is quadratic, so for any value of r c it takes the form
F is calculated by solving the wave equation with Dirichlet boundary conditions and plugging into the action. This is a standard exercise that leads to
where ν = d 2 /4 + m 2 . According to our dictionary (1.5), this gives the boundary two-point
The function G is defined through the correlator in momentum space:
Now we will reproduce this from a boundary calculation. The flow equation (2.6) implies for the two-point function
(2.14)
In the last term, we have invoked the large-N normal-ordering procedure discussed below (1.5) to write
where
. The solution of (2.15), if we impose the CFT form at
F (r c ; k), with F (r c ; k) given by (2.12).
Notice that the correlator does not flow for ∆ = (d+1)/2, which has a natural explanation in the bulk. This value of the scaling dimension corresponds to a conformally coupled scalar.
Weyl invariance then allows us to rescale r c (or more accurately ℓ AdS , but this has the same effect since we have set ℓ AdS = 1). Notice that Weyl invariance is crucial; the argument does not work for massless fields in the bulk (unless d = 1), and it is easily checked that the correlator for such fields has a nontrivial flow. We will see this feature again in section 7.1 when we compute the flow of the two-point function of a Maxwell gauge field, where we will find that the correlator does not flow when d = 3.
Deriving the deformation with gravity
Now we turn to the general case of gravity coupled to matter. The deformation can be derived in two different ways. The first is to find an equation for the trace of the renormalized Brown-York stress tensor, just as was done in two dimensions by [14] . The second derivation is more directly analogous to the scalar example in section 2, and follows from the observation that the partition function of the EFT on a radial slice has to be a solution to the radial
Wheeler-DeWitt equation in order to describe gravitational physics.
The two derivations are essentially equivalent, but offer different perspectives. We will describe both.
Trace equation
Consider a Euclidean radial slicing of the form
where g 0 ij (x) ≡ g ij (r c , x) is the metric on the cutoff surface. The renormalized Brown-York stress tensor is [37] 
where a d is a constant. See the appendix for conventions. We have separated the counterterms into two pieces: The counterterm ∂M g 0 gives the g 0 ij contribution above, and the curvature-dependent counterterms define the quantity C ij [g 0 ij ]. Tildes are reserved for bulk quantities which will appear in our final deformation; they need to be appropriately rescaled to translate into EFT variables. This stress tensor satisfies
wheret ij is the matter stress tensor. This equation can be derived by plugging in the expression for T ij in the right-hand side and using the Hamiltonian constraint (for the radial slicing) in the bulk:
From this equation for the stress tensor, we can infer the deformation in the field theory, in the sense of a flow equation. We will temporarily drop the matter term t ij to derive the flow for pure Einstein gravity. We write the deformation of the classical action in terms of a local operator X as
with λ a dimensionful parameter that governs the size of the deformation.
In a theory with only one dimensionful scale λ, invariance under a change of units implies for the effective action
with ∆ λ the mass dimension of λ. Combining (3.6) and (3.5) with the bulk trace relation (3.3) suggests the deformation
This is a field theory equation, so T ij is the field theory stress tensor, and indices are raised with γ ij . It was obtained from (3.3) by replacing bulk with boundary quantities, g 0 ij = r 2 c γ ij , and T ij = r 2−d c T ij . Other tilded quantities must also be rescaled, which we will do when considering explicit examples.
With this choice of deformation operator, we have ∆ λ = −d and the relation between the boundary coupling λ and bulk radial cutoff r c is
For a four or five dimensional bulk
with G ij the Einstein tensor for g 0 ij and G ij the Einstein tensor for γ ij . In general dimensions for a flat metric γ ij we have C ij = 0.
There are some subtleties in this argument. The first is the issue of anomalies. The expression (3.7) includes terms built entirely from background fields. The O(r 0 c ) backgroundonly terms in r c ∂ rc W , which occur only in even d, give precisely the conformal anomaly (since they correspond to log r c terms in W ). The interpretation is that we are implicitly measuring the UV cutoff in units of λ, so the UV cutoff changes along the flow, and this contributes to (3.5) via the Weyl anomaly. In other words, S EF T must be regulated, and the effect of the regulator has been included in (3.7). This will be clear in the even-dimensional examples below.
Also, in (3.7), we have assumed that there are no additional contributions, beyond the trace anomaly, from renormalization. This is not obvious, and will only be justified a posteriori by comparison to the bulk. Finally, the composite operators in (3.7) must be regulated somehow. In the 2d case, it turned out that the regulator was unnecessary, due to the factorization property [9] ; in higher dimensions, we use the large-N normal ordering procedure discussed in section 1.1.
Let us now give the explicit form of the deformation X in two, three, and four boundary dimensions without bulk matter. In two and four dimensions we will make the contribution of the trace anomaly manifest.
In two boundary dimensions, the deformation was already derived in the references cited above, but we will give it for completeness. The trace anomaly is
where we used c = 3/2G and R = r 2 c R. In d = 2 we have C ij = 0 since all curvature counterterms are absent. Combining this with (3.10) we deduce that the deformation is
The first two terms are often denoted in terms of
As discussed above, the total deformation X includes both the explicit deformation of the EFT Lagrangian by the operator δL = TT δλ, and the contribution from the Weyl anomaly as we rescale the UV cutoff.
For a three dimensional boundary, there is no trace anomaly, so the deformation is
In this equation, a 3 r c has to be expressed in terms of boundary data:
Here α 3 is a function of N on the boundary, but is independent of λ. The deformation of the boundary theory is thus
Note that despite the inverse powers of λ, the CFT limit λ → 0 is regular, since the first order deformation is δL = λX.
In a four dimensional boundary theory, the trace anomaly for a theory dual to Einstein gravity is
with C T = 1 8G [38] . Therefore the deformation (3.7) may be written
with a 4 r 2 c = α 4 λ −1/2 . As before, α 4 is fixed in terms of 1/G.
Comments on the flow equation
Note that in going infinitesimally from r c → r c + δr c , the deformed T ij , at the value r c , must be used on the right-hand side of the flow equation. This means that, like the HamiltonJacobi equation, it must be viewed as a functional equation for S, with T ij = − 2 √ γ δS δγ ij . The difference, however, is that this defines the flow of a local functional -the EFT actionwhereas the Hamilton-Jacobi equation governs the flow of the bulk on-shell action.
There is one last subtlety to address in the meaning of the flow equation (3.6) . This is written as a partial derivative ∂ ∂λ because the EFT metric, and other sources if present, are held fixed. Ultimately, however, the dictionary (1.5) equates the bulk theory to a boundary theory where the boundary metric γ ij = r −2 c g 0 ij may itself be a function of r c . The only time this will occur in our examples is when we consider bulk black hole geometries to compute the deformed energy spectrum. In this case, γ 00 is r c -dependent but the metric is diffeomorphic to the original, undeformed metric. Thus we can compare quantities computed in the deformed and undeformed metrics simply by a coordinate rescaling at the end of the calculation. But if the intrinsic geometry of the boundary changes along the flow, then the bulk is dual to
Wheeler-DeWitt method
Another perspective on this derivation is provided by the Wheeler-DeWitt equation. This is closer to the scalar derivation in section 2, where we translated the bulk Hamilton-Jacobi equation into a deformation of the dual EFT. We will also include matter sources in this discussion.
Without gravity, the Hamilton-Jacobi equation governs the flow of the on-shell action 
where T ij is the renormalized Brown-York stress tensor, since it is obtained by varying the renormalized on-shell action. Writing g 0 ij = r 2 c γ ij , this becomes
At this point, this separation of the trace is somewhat arbitrary, but useful, as we will see. This is turned into a flow equation by substituting the Hamiltonian constraint into the first term. In general, this constraint can be written
where Θ is built from both T ij and the matter fields. Although (3.18) has no dynamics as written, once we replace T i i → Θ, it becomes the classical Wheeler-DeWitt equation, which encodes the dynamical equations of the classical bulk theory, and is the gravitational analogue of the Hamilton-Jacobi equation. Now we repeat the argument used in the scalar case to derive the flow equation in the dual EFT. First, write Θ in terms of the canonical data: 20) where p ij ≡ g 0 T ij and π is the momentum conjugate to φ. Translating (3.17) into the language of the boundary field theory, we have
Pulling this inside the EFT path integral, as we did for the scalar around (2.3), gives (up to the anomaly)
We have included the full source dependence in S EF T , including, e.g. − d d x √ γJO for scalar sources. As discussed above, counterterms are also included, so the flow includes the contribution of the trace anomaly.
The final prescription
To recap, the general answer is as follows. The deformation of the boundary effective field theory is given by the flow equation
Θ is the right-hand side of the constraint equation (3.19) , with the rescalings appropriate to translate from bulk to boundary variables,
The partial derivative in (3.24) is taken with γ ij , J held fixed -but to match the bulk, the sources and background metric must also be modified along the flow according to (3.23) .
Matter contributions and the U(1) case
Matter is automatically included in the prescription (3.24), simply by including the matter Hamiltoniant r r on the right-hand side of the constraint equation (3.19) . This reproduces, for example, the scalar results in section 2, upon sending G → 0 with the matter action held fixed.
Another interesting case is a U (1) gauge field A µ in the bulk, dual to a conserved U (1) current in the boundary field theory. The Dirichlet boundary condition in AdS/CFT fixes the non-normalizable mode of A µ , which means fixing the chemical potential µ of the boundary field theory.
For a Maxwell field in the bulk the Euclidean Lagrangian is given by
Its stress tensor follows from the usual prescription and the rr component reads
To apply our dictionary, we can write this in terms of the canonical momentum π i of the gauge field in the bulk,t
The canonical momentum π i and bulk non-normalizable mode A (0)i are related to the boundary operator and source as
In combination with (3.25), we find
where all contractions are done with γ ij . The flow of the effective action is thus
For a complete identification of bulk data with boundary data, we have to convert constants such as e 2 to boundary data. This quantity has dimension 3 − d and is related to the coefficient C J of the two-point function of conserved currents. Specifically, in the field theory on R d this two-point function is 33) and the relation between C J and e 2 is given by
This allows us to translate any coefficient in (3.32) to functions of λ and dimensionless numbers that are, as we will see, powers of N . For example, rewriting the r c dependence in terms of λ, we find:
The Newton constant G is proportional to some power of N , so σ 1 and σ 2 are fully expressed in terms of boundary data. Said another way, the coefficients can be expressed in terms of the central charges C J and C T of the two-point functions of a conserved U (1) current J i and a conserved spin-two current T ij .
Random metrics via Hubbard-Stratonovich
The deformation can also be understood as coupling to a random background metric. This was explored in d = 2 in [8, 23] . Here we will show that in general d, the radial flow equation
for the induced metric -that is, the bulk Einstein equation for γ ij -is precisely the flow induced by coupling to a random background metric. In this section we assume γ ij is flat.
Let us introduce a symmetric two-tensor h ij as our Hubbard-Stratonovich field and rewrite the deformation as
where h = h i i . From this rewriting we see that the deformation corresponds to coupling to a metric perturbation h ij , and averaging over h ij . The saddle point equations are
Taking the trace of this equation tells us that (d − 1)h = 4δλT i i , so
Assuming a large, classical background stress tensor, this can be interpreted as a change δγ ij in the effective metric seen by the field theory. Now let's compare to the bulk. The radial evolution equation for the induced metric on a fixed-r slice is Hamilton's equation,
where the lapse and canonical momentum are
Setting g ij = r 2 c γ ij , this becomes At first order in the deformation, the effective metric is
Viewed as a bulk equation for the induced metric, this is the usual dictionary for the boundary stress tensor in terms of subleading terms in the bulk metric.
Let us compute the propagation speed when T ij is diagonal with components T tt = ε,
With this choice, we can focus on a two dimensional plane, say the (t, x) plane, to perform this calculation. In Lorentzian signature, the null geodesics in this plane are
In the small λ limit the propagation speed v is thus
For the theory on R d−1 , ǫ ≥ 0 and this speed is superluminal for λ > 0. However for the theory on e.g. T d−1 with thermal periodicity conditions along the spatial cycles, the vacuum necessarily has ǫ < 0 [39] , in which case we can have v > 1 for λ < 0 as well.
Spectrum
In this section we will consider the deformed energy spectrum of a large-N CFT under the T 2 deformation. Thanks to factorization, we will have a single differential equation that governs all energy levels. We will solve this equation and match the answer to a bulk computation of the energy at finite cutoff of black holes in anti-de Sitter space. We will consider the general case of finite sources for curvature and U (1) charge, which will require considering charged AdS-Reissner-Nordström black holes with curved horizons.
Field theory analysis
We study field theories on a manifold R × M d−1 with metric
The flow defined by ∂S/∂λ = d d x √ γX implies the same flow for the Hamiltonian and therefore for the energy levels, ∂E/∂λ = d d−1 x √ γX. Considering states that preserve the symmetries of h ab and in which large-N factorization holds, and after passing to densities by dropping the spatial volume integrals, we have
is flat, and for d = 3, 4 when M d−1 is arbitrary. This is the main object to study in the field theory as it will determine the deformed spectrum of our states of interest as a function of the deformation parameter λ. We will now solve this differential equation for various backgrounds.
Before discussing the deformation in full generality, let us focus on the simplest case in which the CFT is living on a square torus T d−1 . For this background the Einstein tensor G ij vanishes and moreover there are no trace anomalies. Let us assume that the states do not carry any momentum so that the stress tensor is diagonal in these states. The diagonal components of the stress tensor are given in terms of the energy density as
For a square torus the stress tensor is diagonal with equal spatial components, and the differential equation becomes
Solutions to this differential equation in terms of the energy E = εL d−1 are given by
where the undetermined constant was fixed by requiring that as λ → 0 we obtain the energy in the undeformed theory E 0 = M/L.
4dλ) the energy levels exhibit a "square-root singularity" and become complex. For the theory with λ > 0, which we will argue is dual to the finite cutoff theory in AdS, this affects an infinite number of positive energy states. This suggests a maximum energy and hence a sharp UV cutoff. In the bulk description, it affects all states with energies for which a black hole of the given energy would not fit inside the cutoff, i.e. its horizon radius is bigger than r c . For the theory with λ < 0, this can only affect negative energy states in the spectrum, which will necessarily exist if e.g. we pick thermal periodicity conditions along the spatial cycles [39] . While the theory with λ > 0 has complex energy states for any λ and L, the theory with λ < 0 can only have complex energy states for sufficiently large −λ/L d .
We now consider the general case, where we will solve the differential equation for the energy levels with finite U (1) charge density on S d−1 (k = 1) or H d−1 (k = −1). The metric is given by 
In the presence of finite U (1) charge density the deformation was shown in section 3.4 to be given by
where σ i are dimensionless constants given in (3.36). For simplicity, let us study the deforming operator when A i is independent of field theory coordinates. Following the same logic as above, the flow of the energy levels in the deformed theory are given by
Again, by using large-N factorization, we can write all terms as products of one-point functions. We will consider the current one-point functions to vanish when i = 0, so these states only have a non-zero charge density, which enters into the final term in the flow equation as 10) with Q the dimensionless charge. The differential equation for the energy levels is then given
The equation can be simplified by defining an energy variable
. 4 /R. For d > 4 the limit is singular, reflecting the fact that there are more counterterms we have neglected to include in deriving our deformation. Our bulk calculations will be done with the same set of counterterms, which will result in us matching the d > 4 cases between bulk and boundary as well.
Bulk analysis
Having obtained the energy levels in the deformed theory, we now turn to a comparison with the bulk. In the bulk, we want to do a quasi-local energy calculation at a finite radial cutoff for the AdS-Reissner-Nordström black hole metric with boundary geometry S d−1 (k = 1),
. The topology can be arbitrary and will only enter into the volume V d−1 . The action for the theory is
where κ 2 = 8πG and the gauge coupling is e. This has as solution the charged black hole:
14) 15) where r + is the horizon location and Σ d−1 has volume V d−1 and is a unit sphere, plane, or hyperboloid depending on k. The conserved mass and dimensionless U (1) charge of the CFT
the non-radial spatial metric, we find the energy at finite radial cutoff r c to be To translate to field theory we need to apply our dictionary to the quantity
Using the expressions for α i and σ i in the previous section and identifying
we find perfect agreement between E bdry calculated in this way and E bdry calculated in the field theory analysis of the previous subsection. Although the boundary metric γ ij = r −2 c g ij has nontrivial lapse √ γ τ τ , this is unimportant for the comparison to our field theory calculation (which was done on a background with unit lapse) since the energy we calculated is invariant under rescalings of time.
Thermodynamics
So far, we have only considered the flow of the spectrum of the deformed theory, but there are other quantities that also exhibit a non-trivial flow under the deformation. Two important quantities that reveal some of the intricate features of the T 2 deformation are the entropy and speed of sound. We will consider both quantities for the case of the effective theory on a flat background.
Entropy density
The interpretation of our deformation in terms of a finite cutoff in an AdS bulk requires a particular sign for the deformation, in our conventions λ > 0. The case λ < 0 is also interesting to consider. (If matter or sources are present there will be fractional powers of λ, so the theory needs to be defined more carefully, but here we will only consider the sourceless case without matter.) In this case the deformed energy levels for E > 0 always remain real, so we can analyze what happens in the deep UV of our system. In the local CFT we begin with, the high energy density of states is
The deformation shifts the energies, and changes the entropy accordingly. Denote by E 0 (λ, E) the initial energy of a state that has energy E after the flow, which is easily calculated by inverting (5.5). Inputting into (6.1) gives the entropy of the flowed theory,
with L the system size and b = − The λ > 0 theory Equation (6.2) does not apply to generic theories with λ > 0. This is because the CFT formula (6.1) is generically an asymptotic formula, while the λ > 0 deformation makes energies above an E max complex, as in (5.5). However, for holographic theories, or alternatively for modular invariant theories with a particular pattern of center symmetry breaking [40] , this formula has an extended range of validity, holding down to energies
this extended range is equivalent to a sparse light spectrum [41] ; for the connection to a sparse light spectrum in d > 2 see [39, 40] .) This means that the ensuing formulas can be applied to the λ > 0 theory for states in the window
An intriguing aspect of the deformation considered is that it preserves center symmetry for theories where it is present. It was argued in [40] that the presence and pattern of spontaneous breaking of this symmetry is a robust way of reproducing aspects of semiclassical bulk physics when the boundary theory is placed on nontrivial topology. For example, the fact that the symmetry is unbroken means we can write correlation functions on quotient spacetimes (at leading order in N ) in terms of a sum over images of the correlation function in the original spacetime; this important property is manifest from the bulk description, and in our dual EFT is kept intact by the preservation of center symmetry along the T 2 flow.
Speed of sound
The speed of sound in these theories also shows interesting behavior. Fixing to flat space and using the pressure p =
dL and the energy levels (5.5), we find Moreover, the function is monotonic and diverges precisely at M max set by the square-root singularity in the energies. Hence for any positive λ there exist finite-temperature states set by M for which the speed of sound becomes arbitrarily large. This behaviour is identical to the two dimensional case [8] . The speed of sound in a theory withλ < 0 needs to be interpreted with care, since the above formula is a thermodynamic formula. As seen in the previous subsection, theλ < 0 theory has a super-Hagedorn density of states, so the canonical ensemble is ill-defined at any temperature.
In the bulk, the computation of the speed of sound in AdS with a Dirichlet wall at r = r c was done in [42] . They find
Using (5.16) and (5.18) to trade r 0 and r c for M and λ, we see that this matches exactly with the field theory speed of sound found in (6.4).
Two-point functions
So far, we have computed the spectrum and certain thermodynamic quantities of the deformed theory and found that they match with the dual bulk computation. To understand the role of the background terms, and demonstrate how the dictionary works more generally, we will also compute and compare 2-point correlation functions. In section 2.3 this was already done for scalar correlators. Here we will compute the flow of two-point functions of conserved U (1) currents and stress tensors. The results will agree with the bulk calculation at finite cutoff. We will limit the discussion to vacuum two-point functions on flat space.
U(1) current correlators
Conserved U (1) currents arise from gauge fields in the bulk. We have seen in section 3.4 that such gauge fields give rise to two terms in the deformation, which are the analogues of ∂J and O seen in (2.6) for the scalar case. In particular, the flow of the effective action is
where F ij = ∂ i A j − ∂ j A i and σ i the dimensionless constants found in (3.36). The operator X 0 is the deformation for gravity only. We now wish to compute the flow of the current two-point function by taking functional derivatives with respect to A,
and taking the large N limit, the flow equation for the current correlator can be written as
. 
with C a function of λ and k that completely fixes the two-point function. We have also stripped the delta function enforcing momentum conservation, just as in the scalar case.
Plugging this in (7.4), we find
Notice that this flow was also found in [4] . This differential equation is supplemented with the CFT initial condition as λ → 0, which, in position space, is just (3.33). The solution is then
with K the modified Bessel function of the second kind. When we insert the expressions for σ i to write this in terms of r c , we find an exact match with the bulk computations done in [44] . Let us study the d = 3 case in a bit more detail. Using the values of σ i given in (3.36), we find that the correlator is given by 8) which is precisely the (Fourier transform of) the initial CFT value (3.33). Thus for d = 3 the correlator does not flow. As explained at the end of section 2.3, this is due to the fact that the bulk theory is conformal in this case.
In even dimensions (7.7) contains logarithms and to implement the initial condition as λ → 0 it is convenient to analytically continue in d and do the Fourier transform to position space, just as is done in [44] . The λ → 0 limit is singular for d > 4, but this simply reflects the fact that there are additional counterterms that we have neglected to include. Including them via our procedure will result in a finite answer.
Stress-tensor correlators
Let us now consider correlators of the stress tensor at finite λ which we will show are dual to the propagator of gravitational perturbations at some constant r = r c surface in the bulk.
We will start with the field theory computation and compare that with the bulk calculation afterwards.
Stress tensor correlators are computed by taking functional derivatives of the effective action W = − log Z,
Upon taking the trace of (7.11) we find that
In d = 2, this is proportional to central charge, therefore in a TT deformation of holographic CFTs, (7.13) immediately implies that the central charge does not flow. This is consistent with both the field theory result [16] and the bulk gravity computation [14] . Also, in any odd dimensional CFT, there is no anomaly and hence B(k, λ) = 0. In even dimensions, there is a trace anomaly, but by expanding the trace anomalies around the Minkowski spacetime we
The solution for A(k, λ) is given by As in the case of gauge fields, even dimensions have logarithms in the small λ limit. For d > 4 one needs to add more counterterms to find a smooth limit as λ → 0. Our result is in agreement with the known bulk result for the two-point function of the stress tensor [45] .
However, note that in [45] the Einstein tensor counterterm is absent and computing the on-shell action gives only the first term in (7.18) . In that approach, the correct correlator is found by dropping local terms arising from the Bessel functions, whereas in our approach local terms cancel with counterterms and the correlator has the correct power law behaviour when λ → 0.
Discussion
We have studied effective field theories defined by the flow (1.1). The calculability of quantities like the deformed energy spectrum and correlation functions came from our assumption of large-N factorization. The operator defining the flow was extracted by considering bulk AdS physics; in this context we provided evidence that the dimensionful parameter λ is related to a sharp radial cutoff in the bulk.
An important challenge facing development of this approach is 1/N corrections. These are essential to gain a better handle on quantum gravity in finite patches of spacetime.
Our deforming operator was selected by a bulk classical analysis, which can be modified by quantum effects.
Another interesting direction to pursue is the case of d = 1. The techniques we use are general and can be applied to e.g. Jackiw-Teitelboim gravity in two dimensions. In the limit where the cutoff is taken to be close to the boundary, the deformed theory should correspond to the Schwarzian theory [46] [47] [48] .
As mentioned in the introduction, the gravity theory with a Dirichlet cutoff is rather strange, and the dual EFT is correspondingly strange. One possibility is that the theory makes sense only as an 'intermediate step' in a bigger calculation. For example, the full AdS/CFT duality can, in principle, be cut at some arbitrary surface r = r c , then recovered by integrating over all fields at the cutoff, including the metric. (See for example in [4] .) In this calculation, the bulk partition function with finite cutoff appears in the first step, but the dual EFT is then coupled to gravity and to another theory in the UV. This is similar to the role of the wavefunction in the dS/CFT correspondence as formulated in [49] -there, the wavefunction of the universe is calculated with a Dirichlet boundary condition at fixed time, but physical observables are obtained only after integrating over boundary conditions.
In the AdS case, this suggests that although our EFT may not make sense in the UV as a quantum field theory, it should be possible to UV-complete the theory when coupled to gravity. (This suggests the existence of an anti-swampland: a class of effective field theories that cannot be UV-completed unless coupled to gravity!)
A Conventions
Our conventions, in Euclidean signature, are as follows. The path integral is over e −S . The bulk action is
The gravitational counterterm is , and higher dimensional curvature counterterms can be found in [50] . The extrinsic curvature is K µν = 2∇ (µ n ν) with n the outward-pointing normal. The Brown-York stress tensor is defined by This is subtle due to divergences in the Fourier transform from momentum to position space;
for ∆ > d/2, the calculation is done in momentum space, and the Fourier transform to position space is done by analytic continuation in ∆, or by putting a hard cutoff |k| < Λ and adding local counterterms to eliminate divergences.
